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Abstract— With the work of Khot and Vishnoi [18] as a
starting point, we obtain integrality gaps for certain strong SDP
relaxations of UNIQUE GaMEs. Specifically, we exhibit a UNIQUE
GaMEs gap instance for the basic semidefinite program strengthened
by all valid linear inequalities on the inner products of up to
exp(Q(log log n)'/*) vectors. For a stronger relaxation obtained from
the basic semidefinite program by R rounds of Sherali-Adams lift-
and-project, we prove a UNIQUE GaMEs integrality gap for R =
Q(loglogn)'/4.

By composing these SDP gaps with UGC-hardness reductions,
the above results imply corresponding integrality gaps for every
problem for which a UGC-based hardness is known. Consequently,
this work implies that including any valid constraints on up
to exp(Q(loglog n)'/*) vectors to natural semidefinite program,
does not improve the approximation ratio for any problem in
the following classes: constraint satisfaction problems, ordering
constraint satisfaction problems and metric labeling problems over
constant-size metrics.

We obtain similar SDP integrality gaps for BALANCED SEPARATOR,
building on [11]. We also exhibit, for explicit constants y,d > 0, an
n-point negative-type metric which requires distortion Q(loglog n)”
to embed into ¢;, although all its subsets of size exp(Q(loglog n)®)
embed isometrically into ¢;.

Keywords-semidefinite programming, approximation algorithms,
unique games conjecture, hardness of approximation, SDP hierar-
chies, Sherali-Adams hierarchy, integrality gap construction

1. INTRODUCTION

Unique Games (UG) is a constraint satisfaction problem
where the input consists of a constraint graph G, a label set
[¢], and a bijection 7, : [q] — [¢] for each edge e = (u,v) €
E(G). The objective is to find a labeling of the vertices in
G so as to maximize the number of edges that are satisfied.
Here an edge e = (u,v) is said to be satisfied by a labeling if
u is assigned a label ¢, and v is assigned a label ¢, such that
Tw(€y) = €,. The Unique Games Conjecture (UGC) of [14]
asserts that for arbitrarily small constants 1,6 > 0, with a
sufficiently large label set [g], it is NP-hard to decide whether
there is a labeling that satisfies 1 — 7 fraction of the edges
or, no labeling satisfies more than ¢ fraction of the edges.

Over the last few years, the Unique Games Conjecture
has fueled many of the major developments in hardness of
approximation. Starting with the work of Khot [14] on MiN-
2SAT-DELETION, hardness of approximation results for several
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fundamental problems like Max Cur [15], VERTEX COVER [16],
non-uniform SparsesT Cur [9], [18] and Max-2-SAT [5] have
been obtained assuming the Unique Games Conjecture. In
more recent work [21], [13], [19], [23], assuming UGC,
approximability of large classes of problems have been
determined. Specifically, the work on UGC based hardness
results has demonstrated the following (in a precise sense):

For every constraint satisfaction problem, ordering con-
straint satisfaction problem, metric labeling problem over
constant size metric space, the following holds: Assuming
UGQC, it is NP-hard to approximate to a ratio better than
the integrality gap of an simple generic semidefinite relax-
ation SDPg, (for its definition see e.g. [21] or [22]).

Irrespective of the truth of UGC, it is now clear that UGC
precisely identifies an algorithmic barrier reached by existing
work on approximation algorithms. A natural question
that arises is whether stronger semidefinite programming
relaxations are sufficient to breach this barrier and disprove
the UGC? Or does disproving UGC warrant the use of a
new technique different from semidefinite programming?

Unfortunately, progress towards answering this compelling
question has been slow and difficult. In the influential paper
of Khot—Vishnoi [18], the authors construct an integrality gap
instance for a simple SDP relaxation of UniQue Games. To the
best of our knowledge, this is the sole SDP gap construction
for unique games that appears in literature. On one hand, this
leaves out the possibility that strong SDPs disprove UGC.
More alarmingly, except in a few cases, most UGC based
hardness results could possibly be falsified using a strong
SDP relaxation. Except for VErTEx Cover [12], and k-CSPs
[25], [31], in all other cases, there are no strong SDP gaps
supporting a UG hardness result.

Obtaining strong SDP gaps that support a UGC based
hardness result has been a difficult exercise. In fact, the
work of [18] stemmed out of an effort in this direction for
the Sparsest Cut problem. Specifically, the Goemans—Linial
conjecture regarding embeddability of L% metrics in to L;
was refuted in [18] by constructing a SDP gap supporting
the UGC based hardness for Sparsest CuUT.

The following possibility is entirely consistent with the
existing literature: Even for the Max Cut problem which is
fairly well studied [15], [20], including an extra inequality
on every set of 5 variables in to the standard semidefinite
program yields a better approximation, thus disproving UGC.



1.1. Results

Our main result is an integrality gap for certain strong SDP
relaxations of UNiQUE GaMmes. We consider two hierarchies
of SDP relaxations denoted by {LHg}gren and {SAg}gen- The
R™ level relaxation LHg consists of the following: 1) SDP
vectors for every vertex of the unique game, 2) All valid
constraints on vectors corresponding to at most R vertices.
Equivalently, the LHg relaxation consists of SDP vectors and
local distributions us over integral assignments to sets S of
at most R variables, such that the second moments of local
distributions g match the corresponding inner products of
SDP vectors.

The SAg relaxation is a strengthening of LHg with the
additional constraint that for two sets S, 7 of size at most R,
the corresponding local distribution over integral assignments
Us , ur must have the same marginal distribution over S N 7.
The SAg relaxation corresponds to simple SDP relaxation
strengthened by R” round of Sherali-Adams hierarchy [28].
Let LHR(Y) and SAR(T) denote the optimum value of the
corresponding SDP relaxations on the instance Y. Further,
let opt(T) denote the value of the optimum labeling for Y.
For the LH and SA hierarchies, we show:

Theorem 1.1: For all constants 1,6 > 0, there exists a
UniQuE GaMEs instance T on N vertices such that LHR(Y) >
1 — 7 and opt(Y) < & for R = Q(exp((loglog N)"*)).

Theorem 1.2: For all constants 1,6 > 0, there exists a
Unique games instance Y on N vertices such that SAgz(Y) >
1 — 7 and opt(Y) < 6 for R = Q((loglog N)"*).

Demonstrated for the first time in [18], and used in
numerous later works [8], [27], [31], [21], [13], [19], it
is by now well known that integrality gaps can be composed
with hardness reductions. In particular, given a reduction @
from unique games to a certain problem A, on starting the
reduction with a integrality gap instance Y for unique games,
the resulting instance ®(Y) is a corresponding integrality gap
for A. Composing the integrality gap instance for LHg or
SAp relaxation of unique games, along with UG reductions
n [15], [5], [21], [13], [19], [23], one can obtain integrality
gaps for LHg and SAg relaxations of several combinatorial
optimization problems. For the sake of succinctness, we will
state the following general theorem:

Theorem 1.3: Let A denote a problem in one of the
following classes:

— GENERALIZED CONSTRAINT SATISFACTION PROBLEM: a gener-
alization of CSPs permitting bounded payoft functions
(positive or negative), instead of predicates [21, Defini-
tion 3.1]

— ORDERING CONSTRAINT SATISFACTION PROBLEM: a class
of problems containing MAXIMUM AcCYCLIC SUBGRAPH,
Berweenness [10], with predicates/bounded payoff func-
tions on orderings of elements.

Let SDPg, denote the SDP relaxation that yields the
optimal approximation ratio for A under UGC. Then the

following holds: Given an instance I of the problem A, with
SDPge, (1) > ¢ and opt(Y) < s, for every constant > 0,
there exists an instance Y, over N variables such that

— LHg(T;) > ¢ —1n and opt(Y,;) < s+ n for R =

Q(exp((loglog N)'/*)),
- SAg(T,;) > ¢—n and opt(Y,) < s+ 7y for R =
Q,((loglog N)'/#).

The classes of problems for which the above result holds
include Max Cur [15], Max 2-Sar [5], GROTHENDIECK PrOB-
LEM [23] k-way Cur [19] and Maxmmum AcycLic SUBGRAPH [13].
Notable exceptions that do not directly fall under this
framework (but are still UG-hard) are VErTEX Cover and
SPARSEST CUT.

Reductions from UniQUE GaMEs to SparsesT Cut have been
exhibited in [18] and [9]. With the integrality gap for LHg
relaxation of UNiQue GaMes (Theorem 1.1), these reductions
imply a corresponding LHy integrality gap for Sparsest Cur.
Viewed as a metric space, the SDP vectors of the integrality
gap instance yield the following result,

Theorem 1.4: For some absolute constants y, 6 > 0, there
exists an N-point L% metric that requires distortion at least
Q(loglog N)° to embed in to L;, while every set of size at
most O(exp((loglog N)”)) embeds isometrically in to L;.

The UnirorM SparsesT CUT problem is among the many
important problems for which no reduction from UNIQUE
GawMmEs is known. In [11], the techniques of [18] were
extended to obtain an integrality gap for UNIFORM SPARSEST
Cur for the SDP with triangle inequalities. Roughly speaking,
the SDP gap construction in [11] consists of the hypercube
with its vertices identified by certain symmetries such as
cyclic shift of the coordinates. Using a similar construction,
we obtain the following SDP integrality gap for the BALANCED
SEPARATOR problem,

Theorem 1.5: For some absolute constants y, 6 > 0, there
exists an instance G on N vertices of BALANCED SEPARATOR
such that the ratio opt(G)/LHg(G) > Q(loglog N)° for R =
O(loglog N).

1.2. Related Work

Considerable progress has been made in understanding the
limits of linear programming hierarchies [2], [3], [29], [27],
[8]. Lower bound results of this nature are fewer in the case of
semidefinite programs. A Q(n)-round lower bound for proving
unsatisfiability of random 3-SAT formulae was obtained for
the Lovasz—Schrijver SDP hierarchy (LS,) in [6], [1]. In turn,
this lower bound leads to Q(n)-round LS, integrality gaps
for problems like SET Cover, HYPERGRAPH VERTEX COVER,
where a matching NP-hardness result is known. Similarly,
the 7/6-integrality gap for Q(n) rounds of LS, in [26] falls in
a regime where a matching NP-hardness result is known. A
significant exception is the result of Georgiou et al. [12] that
exhibited a 2 — e-integrality gap for Q( Vio2n/loglogn) rounds
of LS, hierarchy. In a beautiful work, Schoenebeck [25]
exhibited integrality gaps for Ranpom 3-SAT in the Lasserre



SDP hierarchy. Building on this result, Tulsiani [31] obtained
an Q(n)-round integrality gap matching the corresponding
UG hardness for k-CSP [24].

Independent of our work, Khot and Saket [17] obtained
integrality gap constructions for the Max Cur and the
Sparsest Cur problems against the SAg hierarchy. While
the integrality gap instances in [17] are nearly identical
to the corresponding ones in this work, the SDP solutions
are considerably different. In particular, this work develops
additional technical machinery to obtain SDP gaps for UniQue
GawmEs, which in turn yields gaps for a large array of other
problems.

1.3. Overview of the Technique

In this section, we will present a brief overview of our
techniques and a road map for the rest of the paper.

The overall strategy in this work to construct SDP
integrality gaps is along the lines of Khot—Vishnoi [18].
Let us suppose we wish to construct an SDP integrality gap
for a problem A (say Max Cur). Let @, be a reduction from
Unique GaMES to the problem A. The idea is to start from an
SDP integrality gap I for UniQuE GaMEs, and then execute
the reduction ®, on the instance T, to obtain the SDP gap
instance @A (V). Surprisingly, as demonstrated in [18], the
SDP vector solution for I’ can be transformed through the
reduction to obtain the SDP solution for ®, ().

Although this technique has been used extensively in
numerous works [8], [27], [31], [21], [13], [19] since [18],
there is a crucial distinction between [18] and later works.
In all other works, starting with an SDP gap Y for UniQuE
GaMEs, one obtains an integrality gap for an SDP relaxation
that is no stronger. For instance, starting with a integrality
gap for 10-rounds of a SDP hierarchy, the resulting SDP gap
instance satisfies at most 10 rounds of the same hierarchy.

The surprising aspect of [18], is that it harnesses the UG
reduction ®, to obtain an integrality gap for a “stronger”
SDP relaxation than the one which it stared with. Specifically,
starting with an integrality gap Y for a simple SDP relaxation
of UN1QUE GaMEs, [18] obtain an SDP gap for Max Cut which
obeys all valid constraints on 3 variables. The proof of this
fact (the triangle inequality) is perhaps the most technical
and least understood aspect about [18]. One of the main
contributions of this work is to conceptualize and simplify
this aspect of [18]. Armed with the understanding of [18],
we then develop the requisite machinery to extend it to a
strong SDP integrality gap for UNIQUE GAMEs.

To obtain strong SDP gaps for UNIQUE GaMES, we will
apply the above strategy on a reduction from UNIQUE GAMES
to E2Lin, due to Khot et al. [15]. Note that E2Lin, is a
special case of UniQue Games. In this article, an integrality
gap instance for the basic semidefinite program of UNIQUE
Gawmes, will be referred to as a weak gap instance (see
Definition 3.1). Formally, we show the following reduction
from a weak gap instance for UNIQUE GAMES over a large

alphabet to an integrality gap for a strong SDP relaxation of
E2Lin,.

Theorem 1.6: For a prime g and y > 0, let ®, , denote the
reduction from UNiQuE GamEs to E2Lin, with completeness
1 —y. Let Y be a weak (1 — 1, 6)-gap instance of UNIQUE
GawMmes. Then, for every g of order unity, there exists an SDP
solution for the E2Lin, instance @, ,(T) such that

— the SDP solution is feasible for LHg for R = 2001/1"),
— the SDP solution is feasible for SA; for R = O(n'/*),
— the SDP solution has value 1 -y — 0, 5(1) for @, ,(T).

In particular, the E2Lin, instance @, (1) is a (1 —y —
ons(1), g " + 0,5(1))) integrality gap instance for the
relaxation LHg for R = 220/1") Further, ®,,(Y) is a
(1 =y =0,5(1),g7"* + 0,5(1)) integrality gap instance for
the relaxation SAg for R = Q(1/n'/%).

Combining the weak gap for UniQue GamEs constructed
in [18], with the above theorem yields Theorem 1.1 and
Theorem 1.2. As already pointed out, by now it is fairly
straightforward to translate an R-round integrality gap for
UniQuE GaMEs to an R-round integrality gap for other
problems (using known UG-hardness reductions). Hence,
Theorem 1.3 is a consequence of Theorem 1.1 and Theo-
rem 1.2.

1.3.1. Example of Max Cut: For the sake of exposition,
we will describe how our techniques can be used to construct
an SDP integrality gap for Max Cut. Extending the approach
to obtain UNIQUE GaMEs integrality gap mentioned above,
requires additional ideas such as tensoring for IF,-vectors,
and a more involved construction of SDP vectors.

Let Y be a (weak) SDP integrality gap instance for UNIQUE
Gawmes with alphabet [n] (e.g., the one in [18]). We obtain a
Max Cur instance G from T by executing the UG hardness
reduction for Max Cur in [15]. Suppose the reduction has
completeness ¢ and soundness s (with ¢/s = 0.878, say). We
claim that this Max Cur instance G is essentially a (c, s)-
integrality gap for a strong SDP relaxation of Max Cur. The
challenge is to exhibit a strong SDP solution of value roughly
c. We start from an optimal SDP solution B for . This SDP
solution consists of “clouds” B € B of n orthonormal vector.
Each cloud in 8 corresponds to a vertex in Y and each
vector in the cloud corresponds to a label for that vertex. The
clouds satisfy the following properties (see §3 for further
justification of these properties):

1.) Matching Property: For every two clouds A, B € B,
there exists a matching mg_4: A — B along which the
inner product of vectors between A and B is maximized.
Specifically, if p(A, B) := maxgeapepa, b), then for each
vector a in A, we have (a,mg_s(a)) = p(A, B). It is not hard
to see that this matching is unique if p(A, B)> > 1/2 (using
orthonormality).

2.) Integrality Property: The vectors in the SDP solu-
tion B are normalized {+1}-vectors. Specifically, | JB C
{1/va, =1/ va}? for some d € N.



We can now describe how to construct a good SDP solution
for G from the SDP solution B for Y.
Global vector solution. The vectors that we assign to the
vertices of G resemble (somewhat simpler in this work) the
vectors in [18]. According to the reduction, the vertices of T
are of the form (B, x) where B is a cloud and x € {+1}8 is a
{x1}-assignment to the elements of the clouds. To a vertex
(B, x), we can essentially assign the vector

Bx ._ 1 t
Vo= = e xnb™ .

(In the final construction we use different, more complicated
vectors, because it allows us to improve the parameters
significantly.) A simple calculation [18] shows that for
constant ¢ € IN, this vector solution has SDP-objective value
~ c¢. The interesting part is to show that vector solution
is feasible for the SDP. The crucial property of this SDP
solution is that the inner product of two vectors (VA*, VBY)
is essentially determined by terms corresponding to the
matching g4,

Tensoring Lemma:

<VA’X» VB’y> = %ZaeA(xaa@» yﬂBeA(a)ﬂB(_A(a)g)t) iz(l/z)l/z :

In this sense, the tensoring allows the vectors to find the best
matching between their clouds.

Local integral distributions.  Unlike [18], instead of
directly showing that the inner products of the vectors satisfy
the desired inequalities (e.g., the Lg-triangle inequality), we
exhibit a collection of distributions over {+1}-assignments to
subsets of vertices, such that the second-moments of the distri-
butions match the inner products of the vectors. Specifically,
we want distributions {us : {£1}° — Ry }scv(6)si<r such that
Bz [Z47ZBY] = (VAX, VBY) (Here, R is a parameter that
we will choose later.) The existence of an integral distribution
matching the inner products shows that the vectors satisfy
all valid inequalities involving up to R vertices, including
the triangle inequality (for R > 3).

As a first step, let us see how to construct a distribution
over assignments to just two vertices S = {(A, x), (B, y)} that
roughly matches the inner product above: Pick a random
vector a € A. Set b := mg_a(a). Pick a random coordinate
r € [d']. Output the assignment ZA* = sign(x,a®(r)), ZB¥ =
sign(y,b®(r)). We see that the second-moment E ZA~*Z5 is
exactly equal to the sum that dominates the inner product
(VA VBYY (from the Tensoring Lemma). Here, we use the
integrality property of the vectors in the clouds.

For larger sets S of vertices, the challenge is to find
a distribution over labelings for the clouds in S that are
consistent with the matchings 7z 4. Another illustrative case
is when every pair A, B of clouds in S is highly correlated
(say p(A, B) > 0.99). In this case, the matchings are consistent
in the sense that for any three clouds A, B,C in S, we have
Ta—c = Ta—pomp_c. Hence, we can easily find a distribution
over labelings {€4}aes such that Pr{f4 = a} = !/» for every
acA and Pr{€y = map(€p)} = 1.

Geometric partitioning schemes. In order to deal with
general sets S of size up to R (where some clouds might not
be highly correlated), we use geometric partitioning schemes.
The goal is that every cluster of clouds in § is pairwise
highly correlated. In that case, we will perform the above
sampling procedure independently for each cluster.

One of our partitioning schemes consists of a distribution

over partitions P of the set of clouds 8. The distribution has
the property that any two clouds A, B with p(A, B) < 0.99
fall into the same cluster with probability close to zero, say 0.
And, on the other hand, any two clouds A, B with p(A, B)' > 6
fall in the same cluster with probability 1 — ¢ (Here, ¢ will
depend on ¢). Hence for any fixed set S of size at most
R, if we choose a partition according to this distribution,
then all clusters of S are pairwise highly correlated with
probability at least 1 —R25. For two clouds A, B, if p(A, B)' <
&, then the inner product (VA~, VB¥) < § + 2(1/2)"? and an
arbitrary choice of labellings would result in a correlation
E ZA~ZB¥ ~ 0, thus matching the inner product within error
0O(6). On the other hand, if p(A, B)' > ¢, with probability at
least 1 — & — R%6, A, B fall in the same cluster and the cluster
containing them is pairwise highly correlated. Therefore the
resulting moment E ZA-*Z5% matches the inner product within
an error O(8 + R26).
Robustness lemma for strong SDP relaxations. Finally,
we exhibit a procedure to modify the local distributions
and the SDP vectors that are approximately consistent, to
a perfectly feasible solution. In other words, we show a
robustness property for the SDP hierarchies we consider in
that, approximately feasible solutions to these hierarchies can
be converted in to feasible solutions with a small loss in the
objective value. To illustrate the idea, consider a set of unit
vectors {v;}?_, that satisfy all triangle inequalities up to an
additive error of ¢, i.e., ||v; —vj||2 + ||vj—vk||2 —lvi —wel> = —e.
Let {w;}?_, be a set of unit vectors that are orthogonal to
all the vectors {v;}7_,, and to each other. Notice that the
vectors {w;} have a slack on every triangle inequality, i.e,
|lw; — w‘,~||2 +lw; - will? = llw; — well? = 2. Define a new SDP
solution {u;}! | as u; = V1 —&-v; + Ve w;. The slack in the
triangle inequality for {w;}?_, would compensate for the slight
infeasibility of the original vectors {v;}7_, and the resulting
vectors satisfy the triangle inequality.

2. PRELIMINARIES
2.1. Notation

For finite sets ¥ and S, we denote by >S5 the set of
functions from § to X. We call such a function sometimes a
Y-assignment to S. For a finite set X, a distribution on X is a
function p: X — R such that .y u(x) = 1 and u(x) > 0 for
all x € X. We let A(X) denote the set of distributions on X.
We sometimes refer to a member of A(ES) as a distribution
over Z-assignments to S. For a function f: 5 — R and a
distribution  on 5, we denote the expectation of f with



respect to p by E., f(x) of > ress H(x)f(x). For an event
& C 25 and a distribution u on X5, we denote the probability
of & with respect to u by Pr,, & &f Exy 1e(x) = 2 1es u(x).
Here, 1g denotes the 0/1-indicator function of the set &.
For a subset T C S, let us define the marginal distribution
marging u: X7 — R, as marging u(x) o Dyessit P(X, y) -
Here, (x,y) denote the Z-assignment to S that agrees with x
on T and with y on S \ T.

2.2. SDP Hierarchies

In this section, we present formal definitions of the LHg
and SAg relaxations. Let Y be a problem instance over a set
of variables V. An SDP solution for the instance Y’ consists
of the following:

1) A collection of (local) distributions {us}scv si<r
where g : ]Fg — R, is a distribution over IF,-
assignments to S, that is, us € A(]F;).

2) A (global) vector solution {vi,a}ie(v,ae]pq, where v;, € R
for every i € V and a € IF,.

The intention for the local distributions {ug} is that they
arise as the marginal distribution of a global distribution
u: IF?’ — R, over F;-assignments to the variables V. The
intention for the vector solution {v;,} is that all vectors
have only {0, 1}-coordinates and that for every i and every
coordinate r, exactly one of the vectors v;y,...,0;, has a 1
in the " coordinate. We assume that the objective of the
instance Y can be expressed as a linear function in the local

distributions, say >.scysi<r ern:; cs x MUs (x).

LHz-Relaxation.

Maximize  Ygcysj<r Lxeks C5.x Hs (X) )]
subject to

@iaVjp) = Proys (vi=a, x;=b} (RN B58,). @
Wia00) =Py (i=a)  (SVIUER). 3)

Here, vy € R? is an arbitrary fixed unit vector. We say that
an SDP solution {ug}, {v;,} for Y is feasible for LHg if it
satisfies the constraints (2)—(3). We denote by LHz(Y) the
value of an optimal solution to this relaxation.

Remark 2.1: A feasible solution for LHy satisfies all valid
linear inequalities on the inner products of the vectors
corresponding to up to R variables in V.

The SAgr relaxation is a stronger SDP relaxation with
an additional consistency requirement between the local
distributions pg.

SAg-Relaxation:

maximize  3scqsjer Xreks C5.x Ms (X) “4)
subject to

ia0jp) = Proys (i =a, x;=b} (RN B58,). O
@000y = Proy (i=a)  (FSVIUER). 6)
HmarginAﬂB Ha — margingp HB”I =0 (TLX|,B|BQ| ;Vl’e ) ‘ (7

We say an SDP solution {ug}, {vi,} is feasible for SAg if it
satisfies the constraints (5)—(7). We denote by SAg(T) the
value of an optimal solution to this relaxation.

2.3. Smoothing

Here we show that approximately feasible SDP solutions
can be made into feasible SDP solutions without losing too
much in the objective value. Instead of directly bounding the
loss in objective value we give bounds on the “change” of the
local distribution in L;-norm. In our applications, this bound
on the L;-norm will imply a similar bound on the loss in
objective value (the reason being that in our applications the
objective function is Lipschitz with respect to the L;-norm).

Definition 2.2: An SDP solution {v,-,a},-e(v,adpq,
{ustscvisick 18 said to be e-infeasible for LHg (or
SAg) if it satisfies all the constraints of the program up to
an additive error of &.

Theorem 2.3: Given an e-infeasible solution {v; 4 }ie aeF, »
{ustscv,si<r to the LHg relaxation, there exists a feasible
solution {v;’a}, {5 }scv,s1<r for LHg such that for all subsets
S CV,ISI<R, llus — gl < poly(g) - Re.

Theorem 2.4: Given an g-infeasible solution {v; 4 }iev aeF, »
{ustscasi<r to the SAg relaxation, there exists a feasible
solution {v;‘a}, {1 Yscvsi<r for SAg such that for all subsets
S CVISI<R, llus — pll < poly(q) - & - ¢~

The proofs of the above theorems are nearly identical to
the proof of Theorem 4.6 in [22], and the details are deferred
to the full version.

2.4. Integral Vectors

Let g be a prime. In the following, we develop a natural
generalization of {+1}-vectors (see §1.3.1) to a g-ary alphabet
and a suitable notion of tensor products of such vectors.

Definition 2.5: A F,-integral vector v: R — [, is a
function from a probability space R to IF,. For a IF;-integral
vector v: R — IFy, its symmetrization 7: R X ]F; — F, is
defined by o(r, 1) =t - v(r).

Given a map f: F; — C’, we denote by f(v) := f ov the
composition of functions f and v. The following function
will be relevant to us:

Define y: F, — RY™" as y(i) := ;, where ¢, ¢, .., ¥y
denote the corners of the g-ary simplex in R, translated
so that the origin is its geometric center. Thus, the function



Y satisfies,

ifa=>b,

1
W(a), y(b)) ={ L ifasb

gq-1

Remark 2.6: The following notions are equivalent: col-

lection of IF,-valued functions on some probability space
R < collection of jointly-distributed, IF,-valued random
variables &= distribution over IF,-assignments.
For the case of IF,-integral vector, the tensor product
operation is to be defined carefully, in order to mimic the
properties of the traditional tensor product. We will use the
following definition for the tensor operation ®,.

Definition 2.7: Given two IF,-valued functions u: R — F,

and u': R* — IF,, define the symmetrized tensor product

u®,u' s (RXFD) X (R XF) = F, as @, ) (r,1,7',1)

t-u(ry+t -u' ().

Like the traditional tensor product, the inner products
multiply on taking ®, products.

Lemma 2.8: For any F,-valued functions u,v: R —
F, and u’,v': R* — F, @u @, u).y@v ®, v)) =
W),y '), p')).

We need the following simple technical observation in one
of our proofs.

Observation 2.9: Let u,v: R — F; be two “symmetric’
IF,-integral vectors,! that is, Pr.{u(r) — v(r) = a} = Pr{u(r) —
v(r) = b} for all a,b € IF; Then, for all a,b € F,, we have
E(¢(a + u(r),y(b + v(r))) = (a ®; u,b ®, v).

For notational convenience, we will abbreviate ®, by ®
whenever the meaning is clear from the context.

The following transformation inspired by the rounding
scheme for UNIQUE GaMEs in Charikar et al. [7] ? yields a
way to generate IF -integral vectors from arbitrary vectors.

Observation 2.10: Define the function {: G — IF, on the
Gaussian domain as follows: {(xi,...,x,) = argmax;e( ) X;.
Given a family of unit vectors {vy,...,v,} € R?, define the set
of F,-valued functions vj,...,v,: R = F, with R = Gy
—the Gaussian space of appropriate dimension— as follows:
0 (Gt Gg) = L0 G- (01 gg) fOr gu.....gq € (G,
The IF,-valued functions {v;} satisfy (¥(u"),¥(@")) = 0
whenever (u,v) = 0, and W *), Yy ")) = 1 - f(e,q) =
1 — O(+/elog q) whenever (u,v) =1-—¢.

Proof: To see the first assertion, observe that if {(u,v) =
0, then the sets of random variables {(u,gi),...,{u,g4)}
and {(v,g1),...,{v,gy)} are completely independent of
each other. Therefore, (Y(u*), ¥ ")) = E,cguly(u*())] -
E egiw[¥ (™ (r))] = 0. The second assertion follows from
Lemma C.8 in [7]. [ |

)

! In our applications, the vectors u and v will be tensor powers. In this
case, the symmetry condition is always satisfied.
2This observation has been communicated to us by Boaz Barak.

3. WEAK Gap INSTANCE FOR UNIQUE GAMES

Formally, a weak gap instance for Unique games is defined
as follows.

Definition 3.1: (Weak SDP solutions and weak gap in-
stances) Let T = (V,E,{m.: [n] — [nl}ece). We say a
collection B = {B,}ucv is a weak SDP solution of value
1 —n for Y if the following conditions hold:

1) For every vertex u € V, the collection B contains
an ordered set B, = {b,1,...,b,,} of n orthonormal
vectors in R

2) Any two vectors in (J%$B have non-negative inner
product and any three vectors in |J 8B satisfy the f%—
triangle inequality (x — yII? < |lx — I + llz - yIIP)-

3) For every pair of vertices u,v € V, the sets B, and B,
satisfy the following strong matching property: There
exists n disjoint matchings between B,, B, given by
bijections 7V, ..., 7" B, — B, such that for all i €
[n],b,b" € B,, we have (b, 70(b)) = (b',7(D")).

4) For every edge e = (u,v) € E, the vector sets B, and
B, have significant correlation under the permutation
m = n,. Specifically, (b, ¢, bv,,,(g))z > 0.99 for all € € [n].

5) The collection 8B of orthonormal sets is a good SDP
solution for Y, in the sense that

E 1 Gunoyburwo) > 1-7
Lo oubve 7 Dwritysbw wy) 21 -1
teln]

— /_
=Ty, T =Ty

We say that Y is a weak (1 —n,0)-gap instance of UNIQUE
Gawmes if T has a weak SDP solution of value 1 — 7 and
no labeling for T satisfies more than a ¢ fraction of the
constraints.
Starting with the integrality gap instance Y for UNIQUE GAMES
constructed in Khot—Vishnoi [18], delete all edges of Y that
contribute less than +/3/4 to the SDP objective. It is easy
to see that the resulting instance I” is a weak gap instance.
Thus, the following is a direct consequence of Theorem 9.2
and Theorem 9.3 in [18].

Observation 3.2: For all n,6 > 0, there exists a weak
(1 -, 6)-gap instance with 22”""”" vertices.

3.1. F-integrality

Here we use (-, )y := (Y(-),¥(-)) as inner product for IF,-
integral vectors. Observation 2.10 implies that without much
loss we can assume that a weak SDP solution is IF-integral,
that is, all vectors are IF,-integral. Formally,

Lemma 3.3: Let Y = (V,E,{n.}.cg) be a weak (1 — 1, 9)-
gap instance. Then, for every ¢ € N, we can find a weak
IF,-integral SDP solution of value 1 — O(4/nlogg) for a
UniQue GAMEs instance Y’ which is obtained from T by
deleting O(+/nlog g) edges.

(The proof of the lemma is deferred to the full version.)



3.2. Tensoring

Definition 3.4: For A,B € B, we denote p(A,B) <

Maxgea pepl{a, b)|. We define np.s: A — B to be any3
bijection from A to B such that [{a,mp_a(a@))| = p(A, B)
for all a € A.

As a direct consequence of the orthogonality of the clouds
in B, we have the following fact about the uniqueness of
g4 for highly correlated clouds A, B € 8.

Fact 3.5: Let A, B € B. If p(A, B)> > 3/, then there exists
exactly one bijection 7: A — B such that |(a, 7(a))| = p(A, B)
for all a € A. (The constant 3/4 is not optimal.)

Notice that for an edge e = (1,v) in a weak gap instance,
and the corresponding clouds B,, B,, the above matching is
nothing but the permutation m,_,,. We observe the following
consequence of Fact 3.5 and item 4 of Definition 3.1.

Observation 3.6: If B = {B,},.cy is a weak SDP solution
for T = (V, E, {m.}ecE), then for any two edges (w, v), (w’,v) €
E, the two bijections m = T ) © T(wo) and ng,p, (see
Def. 3.4) give rise to the same matching between the vector
sets B, and By, n(i) = j & ﬂBerBu,(bw,i) = bw’,j-

Now we state the crucial tensoring lemma, that underlies a
large part of the construction.

Lemma 3.7 (Tensoring Lemma): For t € N and every pair
of clouds A, B € B,

1
" aef%zeﬁ
a#ns—p(b)

Ka,bY' <2 - (3Ja)2.

Proof: By orthogonality, ¥ ,.z(a, b)*> < 1 for every b € B.
Hence, (a, b)*> < /2 for all a # macp(d). Thus,

1 5.1 2 g
52 Kabl'<Op)z - ¥ Kabl <027 .
acA,beB acA,beB

a#npp(b)

(In the lemma, we state the suboptimal bound 2-(3/4) because
it also holds in a more general setting where the vectors are
not orthogonal but only near-orthogonal.) ]
The notation X =Y + Z means that |[X - Y| < Z.

Corollary 3.8: For an even number ¢ € N and every pair
of clouds A,B € B,

1 1t 1 ot 1 t/2
(% Z,a% 5 L") =p(A.B) +2- ().

This fact that the functional p(A, B)' is closely approxi-
mated by inner products of averaged-tensored vectors has
implicitly been used in [18] and was explicitly noted in [4,
Lemma 2.2].

3.3. Local Distributions for Unique Games

First, we recall a few facts that are direct consequences
of the (symmetrized) t’%-triangle inequality.

Fact 3.9: Let a,b,c € \J®B with [(a,b)] = 1 — n, and
b, ) =1 = npe. Then, Ka,c) 2 1 = Rab — Npe-

3The matching property asserts that such a matching exists. If it is not
unique, we pick an arbitrary one. We will assume m4_p = HBL A

Fact 3.10: Let A,B,C € 8 with p(A,B) = 1 — nap and
p(B,C) =1—npc. Then, p(A,C) > 1 —nag — nac.

The construction in the proof of the next lemma is closely
related to propagation-style UG algorithms [30], [4].

Definition 3.11: A set S C B is consistent if for all A, B €
S, p(A,B) = 1 - 1/16.

Lemma 3.12: If S C B is consistent, there exists bijections
{mra: [n] > A}acs such that for all A,B€ S, g = mp_4 © 4.

Proof: We can construct the bijections in a greedy
fashion: Start with an arbitrary cloud C € S and choose
an arbitrary bijection mc: [n] — C. For all other clouds
B € S, choose g := mp_c © 7ic.

Let A, B be two arbitrary clouds in S. Let cpp 1= 1y onl‘gl.
To prove the lemma, we have to verify that o4 p = Tacp.
By construction, 0 sacp = Tac © Tc—p. Let n = 1/16. Since
p(A,C) > 1-nand p(B,C) > 1-n, we have (b, cap(b))| =
1 —2n for all b € B (using Fact 3.9). Since (1 — 277)2 >
1 —4n = 3/s, Fact 3.5 (uniqueness of bijection) implies that
OAcB = MTAB- n

Hence, for a consistent set of clouds S, the distribution
over local unique games labelings us can be defined easily
as follows:

Sample ¢ € [n] uniformly at random, and for every
cloud A € S, assign ma(£) as label.

3.3.1. Local Distributions via Geometric Decomposition:
To construct a local distribution for a set S which is not
consistent, we partition the set S into consistent clusters. To
this end, we make the following definition:

Definition 3.13: A set S C B is consistent with respect
to a partition P of B (denoted Cons(S, P)) if

VCeP. YABECNS. p(AB)>1-1/s.

We use Incons(S, P) to denote the event that S is not
consistent with P. The following is a corollary of Lemma 3.12.

Corollary 3.14: Let P be a partition of B and let S C B. If
Cons(S, P), then there exists bijections {m4: [n] > A| A € S}
such that for all C € P, and A, B € CNS, 1 = Mp074 .

Lemma 3.15: For every t € N, there exists a distribution
over partitions P of 8B such that

p(A,B)>1—¢& = Pr{P(A) = P(B)} > 1 — O(t Ve),
p(A,B) < 1 —1/16 = Pr{P(A) = P(B)} < (3/4)".

Proof: Let s € N be even and large enough (we will
determine the value of s later). For every set B € B, define
a vector vy € RP with D := d* as vg = 2= ¥,cp0™.
We consider the following distribution over partitions P of
B: Choose t random hyperplanes Hj,..., H, through the
origin in R?. Consider the partition of R” formed by these
hyperplanes. Output the induced partition P of B (two sets
A, B € B are in the same cluster of P if and only if v4 and
vp are not separated by any of the hyperplanes Hi, ..., H;).



Since s is even, Corollary 3.8 shows that for any two sets
A,B € B, (vs,v5) = p(A, B)* £2 - (3/4)~%/2.

Furthermore, if p(A, B) = 1 — ¢, then (v4,vp) > (1 — &)° >
1—se. Let = 1/16. We choose s minimally such that (1—7)°+
2-(3/4)™5/2 < 1/ V2. (So s is an absolute constant.) Then for
any two sets A, B € 8 with p(A, B) < 1 —n, their vectors have
inner product (v4,vp) < 1/ V2. Thus, a random hyperplane
through the origin separates v4 and v with probability at least
1/4. Therefore, Pr {P(A) = P(B)} < (3/4)". On the other hand, if
p(A, B) = 1—¢, then the vectors of A and B have inner product
(va,vp) > 1 — se. Thus, a random hyperplane through the
origins separates the vectors with probability at most O(+/€).
Hence, Pr (P(A) = P(B)} > (1 - O(V8)) > 1 - O(tVe). ™

The previous lemma together with a simple union bound
imply the next corollary.

Corollary 3.16: The distribution over partitions from
Lemma 3.15 satisfies the following property: For every set
S ¢ 8, Pr{Incons(S, P)} < IS/ - (3fa)'

4. INTEGRALITY GAP INSTANCE FOR UNIQUE GAMES

Khot et al. [15] show a UGC-based hardness result for the
E2Lin, problem. Specifically, they exhibit a reduction @,
(see Figure 1) that maps a UniQUE GAMES instance Y to an
E2Lin, instance @, ,(T) such that the following holds: For
every y > 0 and all g > go(y),

— Completeness: If T is 1 — n-satisfiable then @, () is

1 —y—o0,s(1) satisfiable.

— Soundness: If T has no labeling satisfying more than -
fraction of the constraints, then no assignment satisfies
more than g~ +0,,5(1)-fraction of equations in @, ,(7).

Here the notation 0,,5(1) refers to any function that tends to
0 whenever 1 and 6 go to naught.

5. ConstrucTiON OF SDP SoLutions For E2LIN(Q)

For a vertex (B, x) € BXxIF?, we index the coordinates of x
by the elements of B. Specifically, we have x = (xp)pep € ]Fg.
Geometric Partitioning: Apply Lemma 3.15 to the
collection of sets of vectors B. We obtain a distribution
% over partitions P of B into T disjoint subsets {P(,}gzl. For
asubset Sc B, let S = {Sc,}g=l denote the partition induced
on the set S, that is, S, := P, N'S. For a family B € B, let
ap denote the index of the set P,, in the partition P that
contains B.

5.1. Vector Solution

Let R is the measure space over which the tensored vectors
b®" are defined. The notation P, (B) denotes the 0/1-indicator
for the event B € P,,.

For a vertex (B, x) € BxF!, the corresponding SDP vectors
are given by functions Vf TP X [T] xR — RY defined as
follows:

W) = 5 Dpenth(xn = j + 6°(1) ®)
U (P,a,r) = Po(B) - W (r) ©)

Input A Unique GamEs instance Y with vertex set V, edge
set E C VXV (we assume the graph (V, E) to be regular),
and permutations {7, : [n] — [n]}eck-

Output An E2Lin, instance @, () with vertex set V =
V><]FZ. Let {F,: ]FZ — Fg}ev denote an IF -assignment to V.
The constraints of @, ,(T) are given by the tests performed
by the following probabilistic verifier:

— Pick a random vertex v € V. Choose two random
neighbors w,w’ € N(v) C V. Let n,n’ denote the
permutations on the edges (w,v) and (w’,v).

— Sample x € Fj uniformly at random. Generate y € F;
as follows:

_ | x; with probability 1 -y
vi= uniformly random in IF, with probability y

— Generate a uniform random element ¢ € IF,.
— Testif Fy(yom+c-1)=Fyy(xon’)+c. (Here, xonm
denotes the vector (Xy())ie[n].)

Figure 1. Hardness reduction from UniQue Games to E2Lin, [15]

Further, Vj is a unit vector orthogonal to all the vectors Uf’x.

/= .
Define, Vf’x = },Vo + %Uf’x . Let us evaluate the inner

product between two vectors V;"x and Vf’y, (in this way, we
also clarify the intended measure on the coordinate set)

A, B, 1 -1 A, B,
<Vi x’ Vj y) = q_z + qq_2<Ul x7 Uj y)

_ 1 gq-1 T A, x By
= b+ S E S PAAPSBXW W)

_ 1 q-1 _ Ax By
=zt7 Pfirp{P(A) = P(B)}(W;, W.™) (10)
Let us also compute the inner product of Wl.A’)C and W2V,
Recall the notation (u, v)y := (¥(u), ¥(v)). The inner product
(W, Wf’y ) is given by,

= ,llzaeA,beBEin(xa —i+ a®t(r)7 Yp — J + b®t(r)>gb
Loy (e - ®a®, (yy — j)® ™), (by Obs. 2.9)

" acA,beB

= % (=0 ylyp=)a.bYy . (by Lem.2.8)  (1D)

aeA,be

5.2. Local Distributions

Fix a subset S C B of size at most R. In this section, we
will construct a local distribution over IF;-assignments for
the vertex set § = S X F; (see Figure 2). Clearly, the same
construction also yields a distribution for a general set of
vertices S C B X F of size at most R.

We need the following two simple observations.

Observation 5.1: For all a,b € F;, we have

Preer, {a+ k=i, b+x=j) =5+ L(a—- .k~ ).

Observation 5.2: Fix a,b € F;, over a random choice of
hi, hy € Fy, we have Ej, pyer, [(Y(a + ), Y(b + h2))] = 0.



The next lemma shows that the second-order correlations of
the distribution ug approximately match the inner products
of the vector solution { VIA’X}.

Lemma 5.3: For any two vertices (A, x), (B,y) € S,

Pryoyy {24 =i, ZPY = j} = (VA VPY) £ 101SP (/).

Proof: Firstly, since Pr[Cons(S, P)] > 1 — |S|>(3/4)' (by
Corollary 3.16), the probability Pr,,{Z4*=i, ZB¥= j} equals

Pr{z*=i, ZP=j| Cons(S,P)] =ISPGlaY.  (12)
Hs

Using Observation 5.1, and the definition of ZA% and ZB¥
we can write the probability Pr {ZA’Xz i, ZBy=j | Cons(S,P)}
as

1yl g

A,x s B.y .
b+ P,H’L,r[(w(F +ha =), p(FP+ hp—j)) |conssp)| . (13)

If A, B fall in the same set in the partition P (that is a4 = ap),
then we have hy = hp. If A, B fall in different sets (that is
as # ap), then hy, hp are independent random variables
uniformly distributed over IF,. Using Observation 5.2, we
can write

. I?Lr[(zp(FA”‘ + hy — D), W(FBY + hg — j)) | cons(s.P)]

= E [1@a= ap)@(F™ = . p(F™ = ) | contsin)]. (14)

Let P be a partition such that Cons(S, P) and a4 = ap = a.
The bijections 74, 75 (see step 4 Figure 2) satisfy 4 = mppo
np. Note that therefore a = w4 p(b) whenever a = w4 (€) and
b = ng(€) for some ¢ € [n]. Hence, over a random choice of
{, € [n], the pair (m4(£,), ma(£,)) has the same distribution
as a uniformly random pair (a, b) with a = m4_,5(b). Thus,

BE[Y(F(P,L,r) = 0,y(FP(P,L,1) = )]

=1 3 EW(xa—i+d® ).y, - j+b%(r)
acAbeB T
a=np—p(b)

=1 % W=D - ) (e bY, YD %
aiA,be(IZ)
A=TTAB

= (WM, W]% +2-(3/4)/* (by Eq. (11) and Lemma 3.7).
Combining the above expression with (14), we get

) f]IEL r[w(FAvx +hy — i), W(FBY + hg — j)) | cons(s.p)]

= E[1,=ap) | Conscs, AW, Wy = (IS P(/a)' +2 - (a)?)
= Pr[P(A) = P(B)| (W W}y = 101SP () 2.

In the last step, we used Pr {Cons(S,P)} > 1 —|S [2(3/4)" and
|<W;4’x, Wf’y »] < 1. Finally, substituting back in (12) yields
the desired result. [ |

Lemma 5.4: Let &’ ¢ S be two subsets of B and let
§' =8 xF; and § = S xF. Then, |jus: — marging, S| <
2|83y

Proof: For a partition P € P, let usp denote the
distribution ug conditioned on the choice of partition P.
Firstly, we will show the following claim:

Claim 5.5: If Cons(S’, P) and Cons(S, P), then ug/p =
marging, fsp.

Proof: Let {S,} and {S,} denote the partitions induced
by P on the sets S and S’ respectively. Since S’ C S, we
have &), € S, for all @ € [T]. By our assumption, each of
the sets S, are consistent in that p(A, B) > 1 — 1/16 for all
A,B € S),. Similarly, the sets S, are also consistent.

Let us consider the pair of sets S/, ¢ S, for some «a € [T].
Intuitively, the vectors within these sets fall in to n distinct
clusters. Thus the distribution over the choice of consistent
representatives are the same in ug/p and marging, ugp.
Formally, we have two sets of bijections Ilg, = {7, | A € S}
and g, = {m4 | A € S,} satisfying the following property
forall A,B€ S|, mppon), =ny and ma_,p o my = 7p.

Fix a collection A € §,,. Let ~ denote that two sets of
random variables are identically distributed.

{n3(la) | BE S} ~ {maspomy(le) | BES,)
~{masp(a) | B<€ S, a is uniformly random in A}
~{maspoma(ly) | BES,} ~ {mp(ts) | BES,}.

The variables L = {{,} are independent of each other.
Therefore, {7,({3) | B € 8’} ~ {np({p) | B € S’}. Notice
that the choice of r € R, H and « are independent of the set
S. Hence, the final assignments {Z3¥ | Be€ &', x € F;} are
identically distributed in both cases. [ ]
Returning to the proof of Lemma 5.4, we can write

5 = ing, uslli = |[Epusp — Ep ing, siplli
llees: — marging, uslli = [Epp Epmarging, psp|l
< Ep|llus p — marging, usplh |

=Pr {Incons(S,P)} E[Hﬂsf‘p - margins, ﬂSlP”l | Incons(S,P)] .

(by Jensen’s inequality)

The first step uses that the operator marging, is linear. The
final step in the above calculation makes use of Claim 5.5.
The lemma follows by observing that Pr[Incons(S, P)] <
ISI*(3/4)" and ||us-p — marging, uspll; < 2. n
The next corollary follows from the previous lemma
(Lemma 5.4) and the triangle inequality.

Corollary 5.6: Let S, S’ be two subsets of B and let S’ =
S x ]FZ and S = S X ]FZ. Then,

Imarging g, ps — marging g s |l < 4max (|SI%,1S'1*)3/a) .

6. PurtiNG IT TOGETHER

Proof of Theorem 1.6: Using Lemma 3.3, we obtain

a weak IF,-integral SDP solution B = {B,},cv of value 1 —

O(+/nlogq) for T. We construct a vector solution {ViB’x |ie

F,, B € B,x € F}} and local distributions {us | S € B X Fj}
as defined in the previous section (§5).

Lemma 5.3 and Corollary 5.6 show that this SDP solution

is e-infeasible for SAg and LHg, where € = O(R? - (3/4)'/?).



For § = S xF, the local distribution p5 over assignments
]Ff] is defined by the following sampling procedure:
Partitioning:

1) Sample a partition P = {Pa}gzl of B from the
distribution # obtained by Lemma 3.15. Let a4, ap
denote the indices of sets in the partition P that contain
A, B € S respectively.

2) If Incons(S, P) then output a uniform random IF,-
assignment to § = S X [Fy. Specifically, set

Z®" = uniformly random in F, YB€ S, x€F,.

Choosing consistent representatives:

4) If Cons(S, P) then by Corollary 3.14, for every part
S, = P, NS, there exists bijections I1s, = {wp: [n] —
B | B € S,} such that for every A,B € S,, ms =
TAeBO TR .

5) Sample L = {&,}521 by choosing each £, uniformly at

random from [n]. For every cloud B € S, define (g =

{q,- The choice of L determines a set of representatives

for each B € S. Specifically, the representative of B is

fixed to be wg(€p).
Sampling assignments:

5) Sample r € R from the corresponding probability
measure and assign

FBYP,L,r) = Xpy05) + mp(p)™(r) .

6) Sample H = {h(,}g=1 by choosing each £, uniformly
at random from [g]. For every cloud B € B, define
hp = hg,.

7) Sample « uniformly at random from [g].

8) For each Be S, and x € IFy, set

ZBX(P,L,r,H k) = FB*(P,L,r) + hg + k.

9) Output the F,-assignment {Z5¥}p yes.

Figure 2. Local distribution over F;-assignments

The value of the SDP solution for @, (1) (see Fig. 1) is
given by

E E Z;I:1<Vl{ll,(xon+c»]l)’ V?_}’;yOﬂ,> .

veV  ww'eN@) {xy}ceF,

A=Typs =Tyt

Using Eq. (10)=(11),

(Voo el vy = &+ S Prpp (P(B,) = P(Bu)

G oy W0 €= DGy = (= )bugs bure -
JU€ln

Note that <lp(x,r([) + c — ), lﬁ(yn/(gf) - @ - o) =
W (Xn(e)) Y(Yre)). Using Observation 3.6, we have
Tww)(€) = T »(€') if and only if £ = mp p,,({’). Hence, by

Lemma 3.7,

) (o) W)X bt bur e Y,

0leln
: ZW ) Y Uno))buato: bur )y £ 2 R*(3/a)"?

; Z€<l//(x6), YyoP(Bu, Bwy) = 0(e).

s
Il

Note that the distribution of {x,y} is independent of the
vertices v, w, w’, and

E L ¥ W) gyo)y=1-7.
{xy} ™ een)

Therefore, if we let ,,, = p(By, By), we can lower bound
the value of the SDP solution as follows

q ’
, poteL s o
E E Z <Vlw (xorty, p+c )’ Viuicyoﬂu .o>

veV ww' eN() {xy} ceF, j=1

=E [% + "q;zlPPrp [PB=PB] - q - pB..B (1 —y)| £ OCe)

vaw.w] 4

>(1- Z)wEw’ Plig) [P(By) = P(By)] p(By, Bw')t + 0(e)
> =yE (I1-0nww)) £ O0() (using Lemma 3.15)

Using Jensen’s inequality and the fact that E, v 7,0 =
O(+/nlogq) (Lemma 3.3), we see that the value of our SDP
solution is at least 1 —y — O(e + n]” 4} (recall that we assume
g to be constant).

On smoothing the SDP solution using Theorem 2.3, we
lose O(R*¢) = O(R*(3/4)") in the SDP value. Thus we can set
t =o(n~"*) and R = (3/2)1° in order to get a feasible SDP
solution for LHg with value 1 -y —0,5(1).

On smoothing the SDP solution using Theorem 2.4, we
lose O(gRe) = O(gR(3/4)") in the SDP value. Thus we can set,
t=o(~"*) and R = 1/ log? g, we would get a feasible SDP
solution for SAg with value 1 —y —0,,5(1). |

Proof of Theorems 1.1-1.2.: Using Theorem 1.6 with
the Khot—Vishnoi integrality gap instance (Lemma 3.2), we
have N = 22""""" and thus R = 20ogloeM"™ Similarly for
SAg, we get R = O((loglog N)'/4).
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